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NEFNESS OF ADJOINT BUNDLES FOR AMPLE VECTOR BUNDLES
OF CORANK 3
ANDREA LUIGI TIRONI
Abstract. Let E be an ample vector bundle of rank r ≥ 2 on a smooth complex projective
variety X of dimension n. The aim of this paper is to describe the structure of pairs (X, E)
as above whose adjoint bundles KX + det E are not nef for r = n − 3. Furthermore, we
give some immediate consequences of this result in adjunction theory.
1. Introduction
Let E be an ample vector bundle of rank r ≥ 2 on a smooth complex projective variety
X of dimension n. We say that a Cartier divisor D on X is numerically effective (nef) if
it has non-negative intersection number with any curve C on X .
In the late 1980s, Ye and Zhang started to study the nefness of the adjoint bundle
KX + det E , obtaining in [40] complete results for r ≥ n− 1.
Subsequently, Zhang investigated in [41] also the case r = n − 2, showing that in this
situation KX + det E is nef except in a few cases.
Some years later, by the adjunction theory and the remark that a key result of [37] is still
valid without the extra assumption of spannedness for E , Maeda gave in [17] an exhaustive
description of all the ample vector bundles E for the case r = n− 2.
Let us note that a weaker version of the main result of [41], in which E is assumed to
be also generated by global sections, was already proved by Wi´sniewski in [37] and that all
the above results are a generalization of those due to Fujita [10] and Ionescu [13].
Thus the purpose of this paper is to describe the structure of pairs (X, E) as above whose
adjoint bundles KX + det E are not nef in the next case r = n− 3.
The final statement which we obtain in Section 3 is as follows:
Theorem 1.1. Let E be an ample vector bundle of rank r ≥ 2 on a smooth complex
projective variety X of dimension n. If r = n − 3, then KX + det E is nef except when
(X, E) is one of the following:
(1) (Pn,⊕n−3i=1OPn(ai), where all the ai’s are positive integers such that
∑n−3
i=1 ai ≤ n;
(2) (Pn,OPn(1)⊕n−3−a ⊕ V), where V is an indecomposable Fano vector bundle on Pn
of rank a such that 3 ≤ a ≤ n − 3, c1(V) = a + 3 and its generic splitting types
are (3, 2, 1, 1, ..., 1) or (2, 2, 2, 1, ..., 1); moreover, V(−1) := V ⊗ O(−1) is nef for
3 ≤ a ≤ n− 6, but it is not globally generated for n ≥ 6;
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(3) (Qn,⊕n−3j=1OQn(bj)), where all the bj’s are positive integers such that
∑n−3
j=1 bj ≤ n−1;
(4) (Qn,OQn(1)⊕n−3−b ⊕ V), where V is an indecomposable Fano vector bundle on Qn
of rank b such that 3 ≤ b ≤ n − 3, c1(V) = b + 2 and its generic splitting type is
(2, 2, 1, ..., 1); moreover, V(−1) is nef on Qn for 3 ≤ b ≤ n− 5, but it is not globally
generated for n ≥ 7;
(5) X is a Fano n-fold of index n − 1 with Pic(X) generated by an ample line bundle
H and either (α) E ∼= H⊕n−3, or (β) E|l ∼= H
⊕n−4
l ⊕H
⊗2
l for every line l of (X,H);
(6) X is a Fano n-fold of index n − 2 with Pic(X) generated by an ample line bundle
L and E ∼= L⊕n−3;
(7) (P3 × P3,OP3×P3(1, 1)⊕3);
(8) (P2 ×Q3,OP2×Q3(1, 1)⊕2);
(9) (PP3(T ), [ξT ]⊕2), where T is the tangent bundle of P3 and ξT is the tautological line
bundle;
(10) (PP3(O(2)⊕O(1)⊕2), [ξ]⊕2), ξ being the tautological line bundle;
(11) there is a vector bundle V on a smooth curve C such that X ∼= PC(V); moreover, for
any fibre F ∼= Pn−1 of X → C, we have E|F is isomorphic to one of the following:
(a) OPn−1(1)
⊕n−3; (b) OPn−1(2)⊕OPn−1(1)
⊕n−4;
(c) OPn−1(2)
⊕2 ⊕OPn−1(1)
⊕n−5; (d) OPn−1(3)⊕OPn−1(1)
⊕n−4;
(12) X is a section of a divisor of relative degree two in a projective space PC(G), where
G is a vector bundle of rank n+ 1 on a smooth curve C; moreover, for any smooth
fibre F ∼= Qn−1 of X → C, where Qn−1 is a smooth quadric hypersurface of Pn, we
have (F, E|F ) is one of the following pairs:
(i) (Qn−1,OQn−1(1)⊕n−3);
(ii) (Qn−1,OQn−1(2)⊕OQn−1(1)⊕n−4);
(iii) (Q4,S ⊗OQ4(2)), where S is the spinor bundle on Q4 ⊂ P5;
(13) the map Φ : X → C associated to the linear system |(n−3)KX+(n−2) det E| makes
X a Del Pezzo fibration over a smooth curve C; moreover, any general smooth fibre
F of Φ is either a Del Pezzo (n − 1)-fold with Pic(F ) ∼= Z[OF (1)] and such that
E|F ∼= OF (1)⊕n−3, or P2 × P2 with E|F ∼= OP2×P2(1, 1)⊕2;
(14) there is a vector bundle V on a smooth surface S such that X ∼= PS(V); moreover,
for any fibre F ∼= Pn−2 of X → S, we have E|F ∼= OPn−2(2)⊕OPn−2(1)⊕n−4;
(15) there exists a Pn−2-fibration pi : X → S, locally trivial in the complex (or e´tale)
topology, over a smooth surface S such that E|F ∼= OPn−2(1)
⊕n−3 for any closed fiber
F ∼= Pn−2 of the map pi;
(16) the map ψ : X → S associated to the linear system |(n − 3)KX + (n − 2) det E|
makes X a quadric fibration over a smooth surface S; moreover, for any general
fibre F ∼= Qn−2 we have E|F ∼= OQn−2(1)⊕n−3, where Qn−2 is a smooth quadric
hypersurface of Pn−1;
(17) there is a vector bundle F on a smooth 3-fold V such that X ∼= PV (F); moreover,
for any fibre F ∼= Pn−3 of X → V , we have E|F ∼= OPn−3(1)⊕n−3;
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(18) there exists a smooth variety X ′ and a morphism ϕ : X → X ′ expressing X as the
blowing-up of X ′ at a finite set of points B and an ample vector bundle E ′ on X ′
such that E ⊗ ([ϕ−1(B)]) ∼= ϕ∗E ′ and KX′ + τ ′ det E ′ is nef, where τ ′ <
n−1
n−3
is the
nefvalue of the pair (X ′, det E ′). Moreover, E|E ∼= OPn−1(1)
⊕n−3 for any irreducible
component E of the exceptional locus of ϕ;
(19) the map ψ : X → X ′ associated to the linear system |(n−2)KX +(n−1) det E| is a
birational morphism which contracts an extremal face spanned by extremal rays Ri
for some i in a finite set of index. Let ψi : X → Xi be the contraction associated
to Ri. Then each ψi is birational and of divisorial type; moreover, if Ei is an
exceptional divisor of ψi, then (Ei, [Ei]Ei , E|Ei)
∼= (Pn−1,OPn−1(−2),OPn−1(1)⊕n−3);
(20) the map φ : X → X ′ associated to the linear system |(n − 3)KX + (n − 2) det E|
is a birational morphism which contracts an extremal face. Let Ri be the extremal
rays spanning this face for some i in a finite set of index. Call ρi : X → Wi the
contraction associated to one of the Ri. Then we have each ρi is birational and of
divisorial type; if Di is one of the exceptional divisors and Zi = ρi(Di), we have
dimZi ≤ 1 and one of the following possibilities can occur:
(j) dimZi = 0, Di ∼= Pn−1 and ([Di]Di, E|Di) ∼= (OPn−1(−1),OPn−1(1)
⊕n−4⊕OPn−1(2));
(jj) dimZi = 0, Di is a (possible singular) quadric Qn−1 ⊂ Pn and [Di]Di =
OQn−1(−1); moreover, E|Di
∼= OQn−1(1)
⊕n−3;
(jjj) dimZi = 1, Wi and Zi are smooth projective varieties and ρi is the blow-up of
Wi along Zi; moreover, E|Fi
∼= OFi(1)
⊕n−3 and ODi(Di)|Fi = OPn−2(−1) for
any fibre Fi ∼= Pn−2 of Di → Zi.
Moreover, the map φ is a composition of disjoint extremal contractions as in (j), (jj)
and (jjj).
The Theorem 1.1 is a generalization of a result due to Fujita [10, theorem 4] and its proof
makes use principally of [2] and all the above papers [17], [40] and [41], together with some
recent results ([3] and [26]) about the nef value of pairs (X, det E).
Note that Theorem 1.1 is complete for n = 5 (or Pic(X) 6= Z). When n ≥ 6 and X
is a Fano manifold of index i(X) ≥ n − 2 with Pic(X) = Z[OX(1)], a finest description
of E is equivalent to have in this setting a complete classification of ample vector bundles
F := E ⊕ OX(1) of rank n − 2 ≥ 4 such that either c1(F) = −KX (see also [2, theorem
5.1 (2)(i)]), or PX(F) := W is a Fano manifold of index i(W ) = dimW−12 ≥ 4 (the case
i(W ) = 3 implies n = 5; see [23, theorem 1.3] for the case i(W ) = 2). However, a more
satisfactory and effective description of E when Pic(X) = Z[OX(1)] is given in Corollary
3.1 under the extra assumption that E ⊗ OX(−1) is globally generated on X .
In the last section, we consider two immediate applications of Theorem 1.1. More pre-
cisely, in §4.1 we extend [15, theorem 3], by giving a description of ample vector bundles
E of rank r ≥ 2 on a smooth projective variety X of dimension n which admit a global
section s ∈ Γ(E) whose zero locus Z := (s)0 ⊂ X is a smooth subvariety of the expected
dimension n − r ≥ 3 and such that KZ + (dimZ − 3)HZ is not nef (Propositions 4.1 and
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4.2), where HZ denotes the restriction to Z of an ample line bundle H on X . These results
partially overlap with those obtained in [4, §§4, 5, 6 and 7], but they are proved in a simple
and different way, and together with [15, theorems 1, 2 and 3], they describe the structure
of all pairs (X, E) as above such that (Z,HZ) is a special polarized variety until the second
reduction map in the sense of the adjunction theory (e.g., see [6, chapter 7] for a complete
classification of such pairs (Z,HZ)). Finally, in §4.2 we study classical scrolls over manifolds
of dimension five and Picard number one (Corollary 4.2 and Remark 4.1), extending some
results of [7] and [36, §3] about classical scrolls which are not adjunction-theoretic scrolls
(we refer to §1 and the first part of §4.2 for the difference between the two definitions of
scrolls).
2. Notation and background material.
In this note varieties are always assumed to be defined over the complex number field C.
We use the standard notation from algebraic geometry. The words “vector bundles” and
“locally free sheaves” are used interchangeably. Let X be a smooth irreducible projective
variety of dimension n (for simplicity, n-fold). The group of line bundles on X is denoted
by Pic(X). Moreover, we denote by ρ(X) the Picard number of X . The tensor products
of line bundles are denoted additively. The pull-back j∗E of a vector bundle E on X by
an embedding j : V → X is denoted by E|V (or, for simplicity, by EV when no confusion
arises). The canonical bundle of an n-fold X is denoted by KX . An n-fold X is said to
be a Fano manifold if its anticanonical bundle −KX is ample. For Fano manifolds X , the
largest integer i(X) which divides −KX in Pic(X) is called the index of X .
A polarized n-fold is a pair (X,L) consisting of an n-fold X and an ample line bundle
L on X . A polarized n-fold (X,L) is said to be a classical scroll over a smooth variety
Y if (X,L) ∼= (PY (V), ξV) for some ample vector bundle V on Y , where ξV is the tauto-
logical line bundle on the projective space PY (V) associated to V. We say that (X,L) is
an adjunction–theoretic scroll (respectively a quadric fibration, respectively a Del Pezzo
fibration, respectively a Mukai fibration) over a normal variety Y of dimension m if there
exists a surjective morphism with connected fibres p : X → Y and an ample line bundle H
on Y , such that KX+(n−m+1)L ≃ p
∗H (respectively KX+(n−m)L ≃ p
∗H , respectively
KX + (n−m− 1)L ≃ p∗H , respectively KX + (n−m− 2)L ≃ p∗H). We say that (X,L)
is a Del Pezzo variety (respectively a Mukai variety) if KX ≃ −(n − 1)L (respectively
KX ≃ −(n − 2)L). Moreover, for general results about the adjunction theory, we refer to
[6] and [34].
A part of Mori’s theory of extremal rays is to be used throughout the paper. So, let Z1(X)
be the free abelian group generated by integral curves on an n-fold X . The intersection
pairing gives a bilinear map Pic(X) × Z1(X) → Z and the numerical equivalence ≡ is
defined so that the pairing
((Pic(X)/ ≡)⊗Q)× ((Z1(X)/ ≡)⊗Q)→ Q
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is non-degenerate. The closed cone of curves NE(X) is the closed convex cone generated
by effective 1-cycles in the R-vector space (Z1(X)/ ≡) ⊗ R. We say that L ∈ Pic(X)
is nef if the numerical class of L in (Pic(X)/ ≡) ⊗ R gives a non-negative function on
NE(X) − {0}. Let Z be a 1-cycle on X . We denote by [Z] the numerical class of Z in
(Z1(X)/ ≡)⊗ R. A half line R = R+[Z] in NE(X) is called an extremal ray if
(1) KX · Z < 0, and
(2) if z1, z2 ∈ NE(X) satisfy z1 + z2 ∈ R, then z1, z2 ∈ R.
A rational (possibly singular) reduced and irreducible curve C on X is called an extremal
rational curve if R+[C] is an extremal ray and (−KX) · C ≤ n+ 1. Let
NE(X)+ = {z ∈ NE(X) | KX · z ≥ 0}.
Then we have the following basic theorem in the Mori theory.
Theorem 2.1 (Cone Theorem). Let X be a smooth projective variety. Then NE(X) is
the smallest closed convex cone containing NE(X)+ and all the extremal rays:
NE(X) = NE(X)+ +
∑
i
Ri,
where the Ri are extremal rays of NE(X) for X. For any open convex cone V containing
NE(X)+−{0} there exist only a finite number of extremal rays that do not lie in V ∪{0}.
Furthermore, every extremal ray is spanned by a numerical class of an extremal rational
curve.
For the proof of the above result, we refer to [21, theorem 1.5] and [22, (1.2)]. In the
next section, we will use also the following well-known
Lemma 2.1. Let E be an ample vector bundle of rank r on a rational curve C. Then
det E · C ≥ r.
Now, let us give here some technical results about vector bundles on some Fano n-folds
X with ρ(X) = 1.
Lemma 2.2. Let V be an ample vector bundle of rank r on a Fano n-fold X with ρ(X) = 1.
Assume that c1(V) ≤ i(X) − 1, where i(X) is the index of X. If
n−r+1
i(X)−c1(V)
< 2 then
V ⊗ OX(−1) is a nef vector bundle on X.
Proof. By adjunction we have −KP(V) ≃ rξV + pi
∗OX(i(X) − c1(V)), where ξV is the
tautological line bundle on P(V) and pi : P(V) → X is the projection map. Since i(X) −
c1(V) > 0 and ξV is ample, we see that P(V) is a Fano (n+r−1)-fold. Let R be an extremal
ray of P(V) different from a line in a fiber of pi. Then we get
n+ 1 ≥ −KP(V) · R ≥ r + [i(X)− c1(V)]pi
∗OX(1) · R.
This gives 2 > n−r+1
i(X)−c1(V)
≥ pi∗OX(1)·R, showing that 0 ≤ pi∗OX(1)·R′ ≤ 1 for any extremal
ray R′ on P(V). So, let C be an effective irreducible curve on P(V). From Theorem 2.1 it
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follows that C ≡
∑
i αiRi with αi > 0, where each Ri is an extremal ray of P(V). Therefore
we deduce that
[ξV − pi
∗OX(1)] · C =
∑
i
αi[ξV − pi
∗OX(1)] ·Ri ≥ 0.
So by definition ξV − pi∗OX(1) is nef on P(V), i.e. V ⊗OX(−1) is nef on X . 
Lemma 2.3. Let V be a globally generated vector bundle of rank r < n on Pn with c1 :=
c1(V) ≤
n
2
. If r ≥ c1 + 1, then one of the following possibilities can occurs:
(1) V ∼= OPn(c1)⊕O
⊕r−1
Pn ;
(2) V ∼= OPn(1)
⊕c1 ⊕O⊕r−c1Pn ;
(3) V ∼= OPn(2)⊕OPn(1)⊕c1−2 ⊕O
⊕r−c1+1
Pn ;
(4) V ∼= OPn(3)⊕OPn(1)
⊕c1−3 ⊕O⊕r−c1+2Pn ;
(5) V ∼= OPn(2)⊕2 ⊕OPn(1)⊕c1−4 ⊕O
⊕r−c1+2
Pn ;
(6) c1 ≥ 5 and there exist the following exact sequences:
0→ OPn → V → V
r−1 → 0, ... , 0→ OPn → V
k+1 → Vk → 0,
where 2 ≤ k ≤ c1 − 3, rkV
i = i, c1(V
i) = c1, all the V
i’s are globally generated and
(sk)0 6= ∅ for a generic section sk of Vk.
Proof. Let Zr = (sr)0 be the zero locus of a generic section sr of V. If Zr 6= ∅, then
Zr is smooth and of dimension n − r. By adjunction KZr = OPn(−n − 1 + c1)|Zr . Thus
n+ 1− c1 ≤ dimZr + 1 = n− r + 1, i.e. r ≤ c1, but this is a contradiction. Hence Zr = ∅
and by induction (see, e.g., [27, (4.3.2), p.83]) we obtain the following exact sequences:
0→ OPn → V → V
r−1 → 0, ... , 0→ OPn → V
k+1 → Vk → 0,
where k ≤ c1, rkV i = i, c1(V i) = c1, all the V i’s are globally generated and Zk = (sk)0 6= ∅
for a generic section sk of V
k. If k = 1 then V1 = OPn(c1) and by induction we deduce that
V ∼= O⊕r−1Pn ⊕OPn(c1). So 2 ≤ k ≤ c1. Assume that k = c1 ≥ 2. Since Zc1 = Zk 6= ∅, Zc1 is
smooth and of dimension n − c1. Moreover, since 2(n − c1)− n = n − 2c1 ≥ 0, we obtain
that Zc1 is also irreducible. Thus by the Kobayashi-Ochiai Theorem we have Zc1 = P
n−c1.
Note that NZc1/Pn
∼= OZc1 (1)
⊕c1. Since
Vc1|Zc1
∼= NZc1/Pn
∼= OPn−c1 (1)
⊕c1
and dimZc1 = n − c1 ≥ c1 ≥ 2, by [27, Ch.I (2.3.2)] we conclude that V
c1 splits, and
then V ∼= Or−c1Pn ⊕ OPn(1)
⊕c1. Suppose now that k = c1 − 1 ≥ 2. By arguing as above,
we have Zc1−1 6= ∅ is smooth, irreducible and of dimension n − c1 + 1. Therefore by the
Kobayashi-Ochiai Theorem we know that Zc1−1
∼= Qn−c1+1 ⊂ Pn. Hence NZc1−1/Pn
∼=
OPn(2)|Zc1−1 ⊕ OPn(1)
c1−2
|Zc1−1
∼= Vc1−1|Zc1−1
. Since dimZc1−1 = n − c1 + 1 ≥ c1 + 1 = k + 2 ≥ 4,
we see that there exists a linear P2 ⊂ Zc1−1 such that V
c1−1
|P2 splits. This shows that
V ∼= Or−c1+1Pn ⊕ OPn(2) ⊕ OPn(1)
⊕c1−2. Therefore 2 ≤ k ≤ c1 − 2. Finally, suppose that
k = c1 − 2 ≥ 2. By arguing as in the above cases, we obtain that Zc1−2 6= ∅ is a smooth
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irreducible Del Pezzo (n−c1+2))-fold with index i(Zc1−2) = n−c1+1 ≥
n
2
+1 >
dimZc1−2
2
+1.
Then by [38] we know that ρ(Zc1−2) = 1. Furthermore, since dimZc1−2 = n − c1 + 2 ≥
n
2
+2 ≥ c1+2 ≥ 6, by the classification of Del Pezzo manifolds (see, e.g., [12]), we conclude
that Zc1−2 is one of the following manifolds:
(a) a cubic hypersurface in Pn−c1+3;
(b) a complete intersection of two quadric hypersurfaces Qi ⊂ Pn−c1+4;
(c) G(1, 4) ⊂ P9.
Note that Case (c) does not occur, since in this situation n = c1+4 ≤
n
2
+4, i.e. G(1, 4) ⊂ Pn
with n ≤ 8, a contradiction. On the other hand, in Case (a) we get
Vc1−2|Zc1−2
∼= NZc1−2/Pn
∼= OPn(3)|Zc1−2 ⊕OPn(1)
⊕c1−3
|Zc1−2
,
while in Case (b) we have
Vc1−2|Zc1−2
∼= NZc1−2/Pn
∼= OPn(2)
⊕2
|Zc1−2
⊕OPn(1)
⊕c1−4
|Zc1−2
.
By [33] we see that in both cases there exists a linear P2 ⊂ Zc1−2. So V
c1−2 splits and
by induction we obtain that Vr is either OPn(3)⊕OPn(1)⊕c1−3 ⊕O
⊕r−c1+2
Pn , or OPn(2)
⊕2 ⊕
OPn(1)
⊕c1−4 ⊕O⊕r−c1+2Pn . 
Corollary 2.1. Let V be a globally generated vector bundle of rank r < n on Pn with
c1(V) = 3. If n ≥ 6 then V splits.
Proof. If r ≥ 4 then we conclude by Lemma 2.3. Since V(1) is ample and c1(V(1)) =
c1(V)+ r = 3+ r, if r ≤ 2 then by [1, theorem (9.1)] we know that V(1) splits, i.e. V splits.
So let r = 3. Let s3 be a general section of V and put Z3 = (s3)0. If Z3 = ∅ then we obtain
the following exact sequence
0→ OPn → V → V
2 → 0,
where V2 is a rank-2 vector bundle on Pn. Since rkV2 = 2 and n ≥ 6, from [1, (9.1)] we
deduce by a similar argument as above that V2 splits, i.e. V splits. Therefore we can assume
that Z3 6= ∅. Then Z3 is smooth and of dimension n−3. Since 2(n−3)−n = n−6 ≥ 0, we see
that Z3 is irreducible and by adjunction KZ3 = (−n−1+c1)OPn(1)|Z3 = (−n+2)OPn(1)|Z3.
Since n−2 = dimZ3+1, by the Kobayashi-Ochiai Theorem we obtain that Z3 = Pn−3 ⊂ Pn.
Hence
V|Z3
∼= NZ3/Pn
∼= OPn−3(1)
⊕3
with dimZ3 = n− 3 ≥ 3, and this shows that V splits. 
Corollary 2.2. Let V be a globally generated vector bundle of rank r < n on Pn with
c1(V) = 4. If n ≥ 8 then V splits.
Proof. If r ≥ 5 then we obtain the statement by Lemma 2.3. Let 2 ≤ r ≤ 4. Therefore
we have either (i) Zr := (sr)0 6= ∅ for a generic section sr of V, or by induction (ii) there
exist the following exact sequences
0→ OPn → V → V
r−1 → 0, ... , 0→ OPn → V
k+1 → Vk → 0,
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where 1 ≤ k ≤ r − 1 ≤ 3, rkV i = i, c1(V i) = c1, all the V i’s are globally generated and
Zk := (sk)0 6= ∅ for a generic section sk of V
k. In Case (i), Zr 6= ∅ is a smooth irreducible
(n−r)-fold with KZr +(n−3)OPn(1)|Zr = OPn and n−3 = dimZr+r−3. Since 2 ≤ r ≤ 4,
we get one of the following possibilities:
(α) r = 4 and Z4 = Pn−4;
(β) r = 3 and Z3 = Qn−3 ⊂ Pn−2;
(γ) r = 2.
In Case (γ), since V(1) is ample and c1(V(1)) = c1(V) + r = 6, from [1, (9.1)] it follows
that V splits. Moreover, by similar arguments as in the proof of Corollary 2.1, we see that
V splits also in Cases (α) and (β).
Consider now Case (ii). Note that k = 3, since otherwise k ≤ 2 and we could deduce by
[1, (9.1)] that Vk splits, i.e. V splits. Thus Z3 6= ∅ is a smooth irreducible (n − 3)-fold.
Moreover, by adjunction KZ3 = OPn(n−3)|Z3 and from the Kobayashi-Ochiai Theorem we
get Z3 = Qn−3 ⊂ Pn. Thus V|Z3 ∼= NZ3/Pn ∼= OQn−3(2) ⊕ OQn−3(1)
⊕2 and since dimZ3 =
n− 3 ≥ 5, we conclude that there exists a P2 ⊂ Z3, i.e. V splits. 
Finally, let us give here also some useful results about globally generated vector bundles
on a smooth quadric hypersurface Qn ⊂ Pn+1.
Lemma 2.4. Let V be a globally generated vector bundle of rank r < n on Qn ⊂ Pn+1 with
c1 := c1(V) ≤
n−3
2
. If r ≥ c1 + 2, then either V splits, or c1 ≥ 2 and there exist exact
sequences
0→ OQn → V → V
r−1 → 0, ... , 0→ OQn → V
k+1 → Vk → 0,
where 2 ≤ k ≤ c1, rkV i = i, c1(V i) = c1, all the V i’s are globally generated and (sk)0 6= ∅ is
an irreducible smooth (n− k)-fold for a generic section sk of Vk.
Proof. Let Zr be the zero locus of a general section sr of V. If Zr 6= ∅ then Zr is smooth
and of dimension n − r. Since by adjunction KZr + (n − c1)OQn(1)|Zr = OZr , we deduce
that n− c1 ≤ dimZr + 1 = n− r+ 1, i.e. r ≤ c1 + 1, a contradiction. Thus Zr = ∅ and by
induction there exist the following exact sequences:
0→ OQn → V → V
r−1 → 0, ... , 0→ OQn → V
k+1 → Vk → 0,
where 1 ≤ k ≤ c1+1, rkV i = i, c1(V i) = c1, all the V i’s are globally generated and (sk)0 6= ∅
is smooth and of dimension (n − k) for a generic section sk of Vk. Note that V splits for
k = 1. Thus suppose that 2 ≤ k ≤ c1+1. Moreover, if c1 ≤ 1, then from [32] we know that
V splits again. So we can assume also that c1 ≥ 2. If k = c1 + 1 ≥ 3, then Zc1+1 = Zk 6= ∅
is smooth and of dimension n− c1 − 1. Since
2(n− k)− n− 1 = n− 2k − 1 = n− 2(c1 + 1)− 1 = n− 2c1 − 3 ≥ 0,
we see that Zc1+1 is also irreducible. Furthermore, by adjunction we get
KZc1+1 + (n− c1)OQn(1)|Zc1+1 ≃ OZc1+1,
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where n− c1 = dimZc1+1+1. From the Kobayashi-Ochiai Theorem it follows that Zc1+1 =
Pn−c1−1 ⊂ Qn. Hence n− c1 − 1 ≤ n2 , i.e. n ≤ 2c1 + 2, but this is absurd. 
Corollary 2.3. Let V be a globally generated vector bundle of rank r < n on Qn ⊂ Pn+1
with c1(V) = 2. If n ≥ 7 then V splits.
Proof. Note that V ′ := V ⊗ OQn(1) is ample with c1(V
′) = c1(V) + rkV = 2 + rkV. Since
n ≥ 7, if r = 2 then V ′ is a Fano bundle of rank-2 on Qn and by [1, (2.4)(2)] we can
conclude that V ′ splits, i.e. V splits. Let r ≥ 3. If r ≥ 4, then from Lemma 2.4 we deduce
that either V splits, or there exist exact sequences
0→ OQn → V → V
r−1 → 0, ... , 0→ OQn → V
3 → V2 → 0,
where rkV i = i, c1(V i) = 2, all the V i’s are globally generated and (s2)0 6= ∅ is smooth and
of dimension (n − 2) for a general section s2 of V2. Since V2(1) is a Fano bundle of rank
2 on Qn with n ≥ 7, by [1, main theorem (2.4)(2)] we see that V2(1) splits, i.e. V2 splits.
Therefore, from the above exact sequences we deduce that also V splits.
Finally, suppose that r = 3. Let Z3 = (s3)0 be the zero locus of a general section s3 of
V. If Z3 = ∅ then there exists an exact sequence 0 → OQn → V → V2 → 0, where V2
splits since n ≥ 7, that is, V splits. Hence Z3 6= ∅ is smooth and of dimension n− 3. Since
2(n− 3)− n− 1 = n− 7 ≥ 0, we see that Z3 is also irreducible. By adjunction we obtain
that KZ3 + (n − 2)OQn(1)|Z3 = OZ3 with n − 2 = dimZ3 + 1. Therefore Z3 = P
n−3 ⊂ Qn
and this implies that n− 3 ≤ n
2
, i.e. n ≤ 6, but this gives a contradiction. 
Let X be an n-fold. If R is an extremal ray, then its length l(R) is defined as
l(R) := min{(−KX) · C | C is a rational curve such that [C] ∈ R}.
Note that 0 < l(R) ≤ n + 1 from Theorem 2.1 and the definition of an extremal rational
curve. Let E be an ample vector bundle of rank r ≥ 2 on X and let Ω(X, E) be the set of
extremal rays R such that (KX + det E) · R < 0. Then it follows from Theorem 2.1 that
the set Ω(X, E) is finite. For any extremal ray R in Ω(X, E) we define a positive integer
Λ(X, E , R) := (−KX − det E) · C,
where C is an extremal rational curve such that −KX · C = l(R).
3. Proof of Theorem 1.1.
Suppose that KX + det E is not nef. By Theorem 2.1 we can find an extremal ray R
with (KX + det E) · R < 0, and so Ω(X, E) 6= ∅. Since the set Ω(X, E) is finite, define the
positive integer
Λ(X, E) := max{Λ(X, E , R) | R ∈ Ω(X, E)}.
Therefore we have only the following three possibilities:
(1) Λ(X, E) ≥ 3; (2) Λ(X, E) = 2; (3) Λ(X, E) = 1.
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From now on, we proceed with a case-by-case analysis.
Case (1). Note that, by definition of Λ(X, E), there exists an extremal rational curve C ∈ R
such that −(KX + det E) · C ≥ 3 and l(R) = −KX · C. So, by Lemma 2.1 we get
−KX · C ≥ det E · C + 3 ≥ (n− 3) + 3 = n,
i.e. l(R) ≥ n. Let fR : X → Y be the extremal ray contraction associated to R. From
[6, lemma 6.3.12], we deduce that fR is of fibre type with dimY ≤ 1. Let F be a smooth
general fibre of fR. Thus we have the following two cases:
(a) dimF = n− 1, dimY = 1; (b) dimF = n, dimY = 0.
In Case (a), by [6, lemma 6.3.12(2)] we know that Y is a smooth irreducible curve and
ρ(F ) = 1. Note that E|F is an ample vector bundle on F of rank dimF − 2.
Claim. KF + det E|F is not nef and Λ(F, E|F ) ≥ 3 for a general fibre F of fR : X → Y .
Since ρ(F ) = 1, we have NE(F ) ∼= 〈C ′〉 with [C ′] ∈ R = R+[C], i.e. C ′ ≡ δC for some
δ > 0. Thus for any effective curve γ ⊂ F , we know that γ ≡ δ′C ′ for some δ′ > 0 and so
(KF +det E|F ) ·γ = (KX+det E)F ·(δ
′C ′) = δ′(KX+det E) ·(δC) = δδ
′(KX+det E) ·C < 0.
This shows that KF + det E|F cannot be nef and that −KF is ample on F . Then by
Theorem 2.1, we see that NE(F ) ∼= R+[C ′], where C ′ is an extremal rational curve on F .
Moreover, since
δ(−KX · C) = −KX · C
′ ≥ l(R) = −KX · C > 0,
we deduce that δ ≥ 1. Thus we get for C ′ ⊂ F
(−KF − det E|F ) · C
′ = (−KX − det E) · C
′ = (−KX − det E) · δC ≥ 3δ ≥ 3,
and this gives Λ(F, E|F ) ≥ 3 for a general fibre F of fR : X → Y . Q.E.D.
By the Claim and [41, Proposition 1.1’], we obtain that (F, E|F ) is one of the following
pairs:
(a1) (Pn−1,OPn−1(1)⊕n−3);
(a2) (Pn−1,OPn−1(2)⊕OPn−1(1)⊕n−4);
(a3) (Qn−1,OQn−1(1)⊕n−3).
In Case (a2), we get −(KF +det E|F ) = OPn−1(2). Take a line l ⊂ F . Since l ∈ R = R+[C]
and l(R) = −KX · C, by arguing as in the proof of Claim 1, we deduce that l ≡ ρC for
some ρ ≥ 1, but this gives the following numerical contradiction
2 = −(KF + det E|F ) · l = −(KX + det E) · ρC ≥ 3ρ ≥ 3.
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By a similar argument, we see that also Case (a3) cannot occur. Consider now Case
(a1) and let c := det E · C. As in Case (a2), taking a line l ⊂ F , we deduce that 3 =
(−KF − det E|F ) · l ≥ −(KX + det E) · C, i.e. (KX + det E) · C = −3. Therefore
[cKX + (c+ 3) det E ] · C = c[KX + det E ] · C + 3c = 0
and from [6, theorem 4.3.1] it follows that
cKX + (c+ 3) det E ≃ f
∗
RD,
for some D ∈ Pic(Y ). Then we have
(1) cKX + (c+ 3)(det E + (n− 3)f
∗
RA) ≃ f
∗
RH
for a suitable very ample line bundle A on Y such that H := D+ (c+3)(n− 3)A is ample
on Y . Restricting (1) to a general fibre F of fR, we get
OF ≃ cKF + (c+ 3) det E|F = OF (−nc + (c+ 3)(n− 3)).
Hence c = n− 3 and (1) becomes
(2) (n− 3)KX + n(det E + (n− 3)f
∗
RA) ≃ f
∗
RH.
Put E ′ := E ⊗ f ∗RA and note that E
′ is ample and such that det E ′ = det E + (n − 3)f ∗RA.
Thus we get
(n− 3)KX + n(det E
′) ≃ f ∗RH.
Moreover, since[
KX +
(
n
n− 3
)
det E ′
]
· l =
[
KF +
(
n
n− 3
)
det E|F
]
· l = 0,
for any line l ⊂ F ∼= Pn−1, we see that the nef value τ(X, E ′) of the pair (X, E ′) is such
that τ(X, E ′) ≥ n
n−3
= n
rkE ′
> 1. Thus by [3, proposition 4(3)] we have X ∼= PY (V) for
a suitable rank n vector bundle V on Y and from [26, theorem 1.3(5)] we conclude that
E ′ ∼= ξV ⊗ f
∗
RG, where G is an ample vector bundle of rank n− 3 on Y .
Finally, in Case (b), since X is a Fano n-fold with ρ(X) = 1, for any effective rational
curve Γ on X we see that Γ ∈ R and −KX · Γ ≥ l(R) ≥ n. Thus by [19], [20] and [9] we
can conclude that X is either Pn or Qn. In the former case, since Λ(X, E) ≥ 3, by Lemma
2.1 we have
n− 3 ≤ c1(E) · l ≤ −KPn · l − 3 = n− 2,
where l is a line in Pn. Therefore by [27, theorems 3.2.1 and 3.2.3], E is isomorphic to either
O(1)⊕n−3, or O(2)⊕O(1)⊕n−4. In the latter case, since X ∼= Qn and Λ(X, E) ≥ 3, we see
that
n− 3 ≤ c1(E) · l ≤ −KQn · l − 3 = n− 3,
i.e. c1(E) · l = n− 3, and then E ∼= O(1)⊕n−3 by [37, lemma 3.6.1].
Summing up the above discussion, we obtain the following
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Proposition 3.1. If E is an ample vector bundle of rank n− 3 ≥ 2 such that KX + det E
is not nef and Λ(X, E) ≥ 3, then the pair (X, E) is one of the following:
(1′) (Pn,OPn(1)⊕n−3); (2′) (Pn,OPn(2)⊕OPn(1)⊕n−4); (3′) (Qn,OQn(1)⊕n−3);
(4′) there is a vector bundle V on a smooth curve C such that X ∼= PC(V) and E ∼=
ξV ⊗ pi∗G ′, where pi : X → C is the projection map, ξV is the tautological line
bundle of P(V) and G ′ is a suitable vector bundle of rank n− 3 on C; in particular,
E|F ∼= OPn−1(1)
⊕n−3 for any fibre F ∼= Pn−1 of the map pi.
Case (2). In this situation, we know that there exists an extremal rational curve C ∈ R
such that −(KX + det E) · C = 2 and −KX · C = l(R). Moreover, note that[
KX +
(
1 +
2
det E · C
)
det E
]
· C = 0,
i.e. the nef value τ(X, E) of the pair (X, det E) is such that
(3) τ(X, E) ≥ 1 +
2
det E · C
.
Since −KX · C ≤ n + 1, by Lemma 2.1 we get det E · C = l(R)− 2 and
n− 3 ≤ det E · C = −KX · C − 2 ≤ n− 1.
So we have only the following three possibilities:
(I) det E · C = n− 1, τ(X, E) ≥ n+1
n−1
= l(R)
n−1
;
(II) det E · C = n− 2, τ(X, E) ≥ n
n−2
= l(R)
n−2
;
(III) det E · C = n− 3, τ(X, E) ≥ n−1
n−3
= l(R)
n−3
.
In Case (I), we see that −KX ·C = n+ 1, i.e. l(R) = n+ 1. From the Ionescu-Wi´sniewski
inequality, [6, lemma 6.3.12] and [9], it follows that X ∼= Pn. Since by (3) we have
τ(X, E) ≥
n+ 1
n− 1
≥
n− 2
n− 3
=
n− 2
rk E
> 1
and det E · C − (n − 3) = 2, we obtain by [3, proposition 6(a)(1)] and [26] that E is
a decomposable vector bundle with c1(E) = OPn(n − 1). Since E is ample, this gives
E ∼= O(3)⊕O(1)⊕n−4 or O(2)⊕2 ⊕O(1)⊕n−5.
In Case (II), note that
τ(X, E) ≥
n
n− 2
>
n− 2
n− 3
=
n− 2
rk E
> 1
and det E ·C − (n− 3) = 1. Moreover, l(R) = −KX ·C = n and from [6, lemma 6.3.12] we
have only the following two cases:
(A) X is a Fano n-fold with ρ(X) = 1;
(B) ρ(X) = 2 and the contraction fR : X → Y associated to the extremal ray R = R+[C]
is a morphism onto a smooth curve Y , whose general fibre F is a smooth Fano
(n− 1)-fold with ρ(F ) = 1.
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In Case (A), by [19] and [20] we obtain that X ∼= Qn ⊂ Pn+1 with c1(E) = OQn(n−2). Thus
from [26, theorem 1.3(15)] we get E ∼= OQn(2)⊕OQn(1)
⊕n−4. In Case (B), we conclude by
[26, theorem 1.3(10)].
Finally, in Case (III) by [3, theorem 1] we have
τ(X, E) =
n− 1
n− 3
=
l(R)
rk E
.
Since l(R) = −KX ·C = n− 1 and n = r + 3 ≥ 5, we can conclude by [3, propositions 3, 4
and 5] and [26, theorem 1.3(6), (8), (11) and (12)(a)]. Moreover, if ρ(X) = 1 then from [3,
theorem 1(2)] it follows that E ∼= OX(1)⊕n−3, which leads to Case (5)(α) of Theorem 1.1.
The above discussion can be summed up in the following
Proposition 3.2. If E is an ample vector bundle of rank n− 3 ≥ 2 such that KX + det E
is not nef and Λ(X, E) = 2, then the pair (X, E) is one of the following:
(1′′) (Pn,OPn(3)⊕OPn(1)⊕n−4);
(2′′) (Pn,OPn(2)⊕2 ⊕OPn(1)⊕n−5);
(3′′) (Qn,OQn(2)⊕OQn(1)⊕n−4);
(4′′) there exist a vector bundle V on a smooth curve C such that X ∼= PC(V) and an
exact sequence
0→ pi∗L ⊗ ξ⊗2V → E → pi
∗G ⊗ ξV → 0
for some line bundle L on C and some vector bundle G of rank n − 4 ≥ 1 on C,
where pi : P(V)→ C is the projection map and ξV is the tautological line bundle on
PC(V); in particular, we have E|F ∼= OPn−1(2)⊕OPn−1(1)⊕n−4 for any fibre F ∼= Pn−1
of the map pi;
(5′′) X is a Del Pezzo n-fold with ρ(X) = 1 and E ∼= L⊕n−3, where L is the ample
generator of Pic(X);
(6′′) X is a quadric fibration, q : X → C, of the relative Picard number one over a smooth
curve C (i.e. X is a section of a divisor of relative degree two in a projective space
PC(F), where F is a vector bundle of rank n + 1 on C) and there exist a q-ample
line bundle OX(1) on X and an ample vector bundle G of rank n − 3 on C such
that E ∼= OX(1)⊗ q∗G, where OX(1)|F ≃ OQn−1(1) for any fibre F ∼= Qn−1 ⊂ Pn of
the map q;
(7′′) there exists a Pn−2-fibration pi : X → S, locally trivial in the complex (or e´tale)
topology, over a smooth surface S such that E|F ∼= OPn−2(1)
⊕n−3 for any closed fiber
F ∼= Pn−2 of the map pi;
(8′′) there exists a smooth variety X ′ and a morphism ϕ : X → X ′ expressing X as the
blowing-up of X ′ at a finite set of points B and an ample vector bundle E ′ on X ′
such that E ⊗ ([ϕ−1(B)]) ∼= ϕ∗E ′ and KX′ + τ
′ det E ′ is nef, where τ ′ < n−1
n−3
is the
nefvalue of the pair (X ′, det E ′). Moreover, E|E ∼= OPn−1(1)
⊕n−3, where E is any
irreducible component of the exceptional locus of the map ϕ.
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Case (3). By arguing as in [17, p.77] and [37, proposition 3.5], note that in fact we get
L · C = 1, where L := (m− 1)KX +m det E is ample on X and m ≥ n− 3 ≥ 2 with
m := min{(det E) · C | C extremal rational curve s.t. (KX + det E) · C = −1}.
So, define V := E ⊕ L. Then V is an ample vector bundle of rank n− 2 on X such that
(KX + detV) · C = (KX + det E) · C + L · C = −1 + 1 = 0.
Therefore KX + detV cannot be ample on X . Note also that KX + detV must be nef.
Otherwise, by Theorem 2.1 we could find an extremal ray R on X such that
−1 ≥ (KX + detV) · R ≥ (KX + det E) · R + 1,
i.e. (KX + det E) · R ≤ −2, but this would contradict Λ(X, E) = 1.
Thus assume that KX + detV is nef but not big. From [2, theorem 5.1(2)] we know
that there exists a morphism Φ : X → W onto a normal variety W supported by (a large
multiple of) KX + detV and dimW ≤ 3. Moreover, let F be a general fibre of Φ. We have
the following according to s := dimW :
(i1) if s = 0 then X is a Fano n-fold with KX + detV = OX . If n ≥ 6, then b2(X) = 1
except if X ∼= P3 × P3 and E ∼= O(1, 1)⊕4;
(i2) if s = 1 then W is a smooth curve and Φ is a flat (equidimensional) map. If n ≥ 6
then Φ is an elementary contraction. Moreover, by [24] and [31], (F,V|F ) is one of
the following pairs:
(a) (Pn−1,OPn−1(2)⊕2 ⊕OPn−1(1)⊕n−4);
(b) (Pn−1,OPn−1(3)⊕OPn−1(1)⊕n−3);
(c) (Qn−1,OQn−1(2)⊕OQn−1(1)⊕n−3);
(d) (Q4,S(2)⊕OQn−1(1)), where S is the spinor bundle on Q4 ⊂ P5;
(e) F is a Del Pezzo (n−1)-fold with ρ(F ) = 1, −KF ≃ (n−2)HF , Pic(F ) ∼= Z[HF ]
and V|F ∼= H
⊕n−2
F ;
(f) (P2 × P2,O(1, 1)⊕3).
If the general fibre is Pn−1 then X is a classical scroll, while if the general fibre is
Qn−1 ⊂ Pn then X is a quadric bundle;
(i3) if s = 2 then W is a smooth surface, Φ is a flat map and by [11] and [30], (F,V|F )
is one of the following pairs:
(α) (Pn−2,OPn−2(2)⊕OPn−2(1)⊕n−3);
(β) (Pn−2, TPn−2), where TPn−2 is the tangent bundle on Pn−2;
(γ) (Qn−2,OQn−2(1)⊕n−2).
In particular, if the general fibre is Pn−2 then all the fibres are Pn−2;
(i4) if s = 3 then W is a smooth 3-fold and all the fibres of Φ are isomorphic to Pn−3.
Furthermore, since (KX+detV) ·C = 0, note that LF ·C = L ·C = 1, C being an extremal
rational curve of X which belongs into a fibre of Φ. Moreover, from (KX +det E) ·C = −1,
we deduce that
−KX · C = det E · C + 1 ≥ m+ 1 = (m+ 1)L · C,
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and then the nef value τ(X,L) of the polarized pair (X,L) is greater than or equal to
m+ 1 ≥ n− 2.
Case (i1). Observe that X is a Fano n-fold with −KX ≃ ηL and
η = τ(X,L) ≥ m+ 1 ≥ n− 2 ≥ 3.
If ρ(X) = 1, then by [6, chapter 7] we know that X is either Pn,Qn, a Del Pezzo n-fold with
−KX ≃ (n−1)L, or a Mukai n-fold with −KX ≃ (n−2)L. Since det E ·C = −KX ·C−1 ≥
η − 1, note that m ≥ η − 1, that is, η ≤ m+ 1. Thus η = τ(X,L) = m+ 1 and so we get
L = (η − 2)KX + (η − 1) det E = −η(η − 2)L+ (η − 1) det E ,
i.e. det E = (η − 1)L, where Pic(X) ∼= Z[L]. Let us proceed with a case–by–case analysis.
First of all, assume that X ∼= Pn. Note that L = OPn(1) and c1(E) = OPn(n). Without
loss of generality, we can write E ∼= V1 ⊕ V2, where V1 is an indecomposable vector bundle
on Pn. Put ri = rkVi and note that r1 + r2 = n − 3 with 1 ≤ r1 ≤ n− 3. Furthermore, if
deg Vi ≤ ri + 1, then Vi is an uniform vector bundle on Pn of rank ri ≤ n − 3, i.e. Vi is a
sum of line bundles on Pn. Moreover, since V1 is an ample vector bundle on Pn such that
deg V1 ≤ deg E = n, if r1 = 2 then by [1, theorem (9.1)] we see that V1 splits. Thus we can
assume that r1 ≥ 3. Then we get the following three possibilities:
(a) r1 = n− 3 ≥ 3 and deg V1 = n;
(b) 3 ≤ r1 ≤ n− 4, deg V1 = r1 + 2 and deg V2 = r2 + 1;
(c) 3 ≤ r1 ≤ n− 4, deg V1 = r1 + 3 and deg V2 = r2.
By Lemma 2.2, we have V1(−1) is a nef vector bundle on Pn either in Case (b), or in Case
(c) for 3 ≤ r1 ≤ n − 6. Note that Case (b) does not occur. Indeed, since V1(−1) is nef
and c1(V1(−1)) = 2, by [32, Lemma 6 (1)] we know that V1(−1) is decomposable, but this
leads to a contradiction. In Case (c), since V2 is ample, we get that V2 ∼= OPn(1)⊕r2, that
is, E ∼= OPn(1)⊕r2 ⊕ V1. Finally, assume that V1(−1) is globally generated on Pn. Since
n ≥ 6, from Corollary 2.1 we know that V1 splits, a contradiction. This completes Case (2)
of Theorem 1.1.
Suppose now that X ∼= Qn ⊂ Pn+1. Note that L = OQn(1) and c1(E) = OQn(n − 1).
As above, write E ∼= V1 ⊕ V2, where V1 is an indecomposable vector bundle on Qn. Put
ri = rkVi and note that r1+r2 = n−3 with 1 ≤ r1 ≤ n−3. Furthermore, if deg Vi ≤ ri+1,
then Vi is an uniform vector bundle on Qn of rank ri ≤ n− 3 and by [14] we know that Vi
is a sum of line bundles on Qn. Thus deg V1 ≥ r1 + 2 and then
deg V2 = n− 1− deg V1 ≤ n− 3− r1 = r2.
This shows that deg V2 = r2 and deg V1 = r1 + 2, that is, E ∼= OQn(1)⊕n−3−r1 ⊕ V1. Since
V1 is an ample vector bundle on Qn such that deg V1 ≤ deg E = n − 1, we deduce that V1
is a Fano bundle on Qn. Thus if r1 = 2, then by [1, theorem (2.4)(2)] we see that either V1
splits, or n = 5 and V1 = C(a), where C is a Cayley bundle on Q5 such that c1(C) = −1.
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Since 4 = c1(V1) = −1+ 2a, we see that a is not an integer, but this is not possible. Hence
V1 splits for r1 = 2. On the other hand, if r1 ≥ 3 then by restricting V1 to any line on Qn,
we have the only possible splitting types are (3, 1, 1, ..., 1) or (2, 2, 1, ..., 1). So either V1 is a
uniform vector bundle of splitting type (3, 1, 1, ..., 1) and by [14] V1 is a direct sum of line
bundles on Qn, or V1 has the generic splitting type (2, 2, 1, ..., 1). Finally, by Lemma 2.2
and Corollary 2.3, we know that V1(−1) is nef for 3 ≤ r1 ≤ n − 6, and it is not globally
generated for n ≥ 7. This gives Case (4) of Theorem 1.1.
Assume that X is a Fano n-fold of index n − 1. Since c1(E) = OX(n − 2), we see
that for every line l of (X,H), where H is the ample generator of Pic(X), it happens that
E|l ∼= H|
⊕n−4
l ⊕2H|l, i.e. E is a uniform vector bundle onX with splitting type (2, 1, 1, ..., 1).
This leads to Case (5)(β) of Theorem 1.1.
Finally, suppose thatX is a Fano n-fold of index n−2. From [18, theorem 2.10], it follows
by hyperplane sections that there exists at least a line l of (X,L), where Pic(X) = Z[L].
Recall that V = E ⊕ L. Since ρ(X) = 1 and
τ(X,V) ≥ 1 =
n− 2
rkV
=
−KX · l
rkV
,
by [5, proposition 1.2] and [3, theorem 1(2)], we obtain that τ(X,V) = −KX ·l
rkV
and so
V ∼= L⊕n−2, i.e. E ∼= L⊕n−3. This gives Case (6) in Theorem 1.1.
Assume now that ρ(X) ≥ 2. Since η ≥ n − 2 ≥ n+1
2
, from [25], [38] and [39], it follows
that η ≤ n+2
2
, i.e. 5 ≤ n ≤ 6, and that (X,V, L) is one of the following triplets:
- (P3 × P3,OP3×P3(1, 1)⊕4,OP3×P3(1, 1));
- (P2 ×Q3,OP2×Q3(1, 1)⊕3,OP2×Q3(1, 1));
- (PP3(T ), [ξT ]⊕3, ξT ), where T is the tangent bundle of P3 and ξT is the tautological
line bundle;
- (PP3(O(2)⊕O(1)⊕2), [ξ]⊕3, ξ), where ξ is the tautological line bundle.
Since V = E ⊕ L, we obtain Cases (7) to (10) of Theorem 1.1.
Case (i2). Note that L|F = −(KX + det E)|F = −KF − det E|F . Then
KF +mL|F = KF +m[−KF − det E|F ] = −[(m− 1)KF +m det E|F ] = −L|F ,
since L := (m− 1)KX +m det E . This gives
L|F = −KF − det E|F = (m+ 1)L|F − det E|F ,
i.e. det E|F = mL|F . Moreover, observe also that the extremal rational curve C such that
L · C = 1 is contained in a fibre of Φ, since (KX + detV) · C = 0. Keeping in mind that
V = E ⊕ L and that L = (m− 1)KX +m det E with m ≥ n− 3, by all the above remarks
we can easily obtain Cases (11)(c)(d), (12)(ii)(iii), and (13) of Theorem 1.1.
Case (i3). Note that Case (β) cannot occur, since V|F = E|F ⊕ L|F is a decomposable
vector bundle on Pn−2 with n− 2 ≥ 3. Moreover, since the extremal rational curve C such
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that L · C = 1 is contained in a fibre of Φ, we obtain immediately Cases (14) and (16) of
Theorem 1.1.
Case (i4). Since KF+detV|F = OF , where V|F is an ample vector bundle of rank dimF+1,
from [29] we deduce that (F,V|F ) ∼= (Pn−3,OPn−3(1)⊕n−2) and then L|F = OPn−3(1) for any
fibre F ∼= Pn−3 of Φ. Moreover, as observed in Case (i2), the extremal rational curve C
such that L · C = 1 is contained in a fibre of Φ. Thus by [10, (2.12)] we get immediately
Case (17) of Theorem 1.1.
Finally, suppose that KX + detV is nef and big, but not ample. Then from [2, theorem
5.1(3)] we deduce that a high multiple of KX+detV defines a birational map, ϕ : X → X ′,
which contracts an extremal face. Let Ri = R+[Ci] be the extremal rays spanning this face
for some i in a finite set of index. Call ρi : X →Wi the contraction associated to one of the
Ri. Then we have each ρi is birational and of divisorial type. If Di is one of the exceptional
divisors and Zi = ρi(Di), we know that dimZi ≤ 1 and one of the following possibilities
can occur:
(j1) dimZi = 0, Di ∼= Pn−1 and ([Di]Di,V|Di) is either (α) (O(−2),O(1)
⊕n−2), or (β)
(O(−1),O(1)⊕n−3 ⊕O(2));
(j2) dimZi = 0, Di is a (possible singular) quadric Qn−1 ⊂ Pn and [Di]Di = O(−1);
moreover, V|Di
∼= O(1)⊕n−2;
(j3) dimZi = 1, Wi and Zi are smooth projective varieties and ρi is the blow-up of Wi
along Zi; moreover, V|Fi
∼= O(1)⊕n−2 for any fibre Fi ∼= Pn−2 of Di → Zi.
Furthermore, we know also that ϕ is a composition of disjoint extremal contractions as in
(j1), (j2) and (j3). Note that the extremal rational curves Ci such that Ri = R+[Ci] and
L · Ci = 1 are contained in Di, since (KX + detV) · Ci = 0. Moreover
det E · Ci = −KX · Ci − 1 =
{
n− 2 in Case (j1)(α)
n− 3 otherwise
This shows that if some ρi is a contraction associated to an extremal ray as in Case (j1)(α),
then ϕ : X → X ′ contracts an extremal face spanned by only extremal rays as in (j1)(α).
So, keeping in mind that V = E ⊕ L, L · Ci = 1 and L = (m − 1)KX + m det E with
m ≥ n− 3 ≥ 2, we get Cases (19) and (20) of Theorem 1.1.
Taking into account the above discussion and the Propositions 3.1 and 3.2, we obtain
the statement of Theorem 1.1. 
Finally, under the extra assumption that ρ(X) = 1 and E(−1) := E ⊗OX(−1) is globally
generated on X , we have the following
Corollary 3.1. Let E be an ample vector bundle of rank r ≥ 2 on a smooth complex
projective variety X of dimension n with ρ(X) = 1. Assume that E(−1) is globally generated
on X. If r = n−3, then KX +det E is nef except when (X, E) is one of the following pairs:
(a) (Pn,⊕n−3i=1OPn(ai), where all the ai’s are positive integers such that
∑n−3
i=1 ai ≤ n;
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(b) (Qn,⊕n−3j=1OQn(bj)), where all the bj’s are positive integers such that
∑n−3
j=1 bj ≤ n−1;
(c) X ∼= Q6 and E is an indecomposable Fano vector bundle on Q6 of rank 3 such that
c1(E) = 5 and its generic splitting type is (2, 2, 1);
(d) X is a Fano n-fold of index n − 1 with Pic(X) generated by an ample line bundle
H and either (α) E ∼= H⊕n−3, or (β) E|l ∼= H
⊕n−4
l ⊕H
⊗2
l for every line l of (X,H);
(e) X is a Fano n-fold of index n − 2 with Pic(X) generated by an ample line bundle
L and E ∼= L⊕n−3;
Let us show that in the above result Case (c) really exists.
Example. Let Q6 ⊂ P7 be the 6-dimensional quadric hypersurface endowed with a spinor
bundle S of rank 4. Note that c4(Sν) = c4(S) = 0 and that Sν is globally generated on
Q6, where Sν is the dual bundle of S (see [28, (2.8)(ii), (2.9)]). Consider now the following
exact sequence
0→ OQ6 → S
ν → F → 0
given by a section of Sν . Then F is a globally generated vector bundle on Q6 of rank 3
such that c1(F) = −c1(S) = 2 ([28, (2.9)]). Put E := F ⊗OQ6(1). This gives an example
of an ample indecomposable vector bundle E of rank 3 on Q6 with c1(E) = 5 and such that
E ⊗OQ6(−1) ∼= S
ν/OQ6 is globally generated on Q6.
4. Two applications.
Within the adjunction theory, let us give here two easy and immediate consequences of
Theorem 1.1.
4.1. Ample vector bundles and special varieties in adjunction theory. Let E be
an ample vector bundle of rank r ≥ 2 on an n-fold X . Given a smooth projective variety
Z, the classification of such varieties X containing Z as an ample divisor occupies an
important position in the theory of polarized varieties. Moreover, it is well-known that the
structure of Z imposes severe restrictions on that of X . Inspired by this philosophy, we
generalize some results on ample divisors to ample vector bundles. In particular, by using
a peculiarity of adjoint bundles, Lanteri and Maeda [15] investigated when KZ+ tHZ is not
nef for t ≥ dimZ−2, where H is an ample line bundle on X and HZ := H|Z . So, following
here this idea, we deal with the next case t = dimZ − 3. More precisely, we give a detailed
description of triplets (X, E , H) as above under the assumption that KZ + (dimZ − 3)HZ
is not nef for dimZ ≥ 3.
In particular, for dimZ = 3, we obtain the following
Proposition 4.1. Let X be an n-fold. Let E be an ample vector bundle of rank r ≥ 2 on X
such that there exists a global section s ∈ Γ(E) whose zero locus Z = (s)0 ⊂ X is a smooth
subvariety of dimension n− r = 3. Then KZ is nef if and only if the pair (X, E) is not as
in Theorem 1.1 with n ≥ 5.
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Proof. To prove the ‘if’ part, assume that KZ is not nef. Recalling that KZ = (KX +
det E)Z , we deduce that KX + det E is not nef. Therefore we have (X, E) is as in Theorem
1.1.
Conversely, to prove the ‘only if’ part of the statement, assume that the pairs (X, E) are
as in Theorem 1.1. Therefore, if (X, E) is as in cases (1) to (10), it is easy to see that −KZ
is ample, and so KZ cannot be nef.
Suppose that (X, E) is as in case (11). Let pi be the projection map X → C and let sF
denote the restriction of the global section s to a general fiber F of pi. Then sF ∈ Γ(E|F ).
Putting D := (sF )0 = Z∩F , we have dimD ≥ 2. On the other hand, since Z is irreducible,
we have dimD < dimZ = 3, i.e. dimD = 2. Moreover, note that [D]D ∼= OD. Thus by
the adjunction formula we have (KZ)D ∼= KD − [D]D ∼= KD. Since −KD is ample, this
implies that KZ is not nef.
In cases (12) and (13), by similar arguments as in (11), we see that KZ cannot be nef.
Consider now case (14). Let pi be the projection map X → S. Since sF ∈ Γ(E|F ) for a
general fibre F ∼= Pn−2 of pi, putting D := Z∩F we have dimD ≥ n−2−r = dimZ−2 = 1.
Since D ⊂ F,D ⊂ Z, we deduce that
(KZ)D ∼= (KX + det E)|D ∼= (KF + det E|F )|D = OF (−1)|D.
This shows that KZ cannot be nef.
In cases (15) and (16), by arguing as in case (14), we deduce that KZ is not nef.
Assume now that (X, E) is as in case (17). In this situation, from section 2 we know
that L := (n−4)KX +(n−3) det E is an ample line bundle on X such that LF = OPn−3(1)
for any fibre F ∼= Pn−3 of pi : X → V . Since X ∼= PV (F), we see that there exists an
ample vector bundle V of rank n − 2 on V such that (X,L) ∼= (P(V), ξV), where ξV is the
tautological line bundle on P(V). Thus
(4) KX + det E ∼= −(n− 2)ξV + pi
∗(KV + detV) + det E .
By [det E − (n− 3)ξV ] |F = OF , the relation (4) becomes
KX + det E ∼= −ξV + pi
∗(KV + detV +H),
for some H ∈ Pic(V ). Choose a very ample line bundle H on V such that H ′ := KV +
detV +H +H is ample on V . Put L′ := L+ pi∗H . Note that also L′ is ample and
(5) KX + det E + L
′ ∼= pi∗(H ′).
Since dimZ = 3, [16, theorem 1.1] tells us that ρ(X) = ρ(Z). Obviously, ρ(X) = ρ(V )+ 1.
Hence ρ(Z) = ρ(V )+ 1 and this shows that Z cannot be isomorphic to V via pi. Moreover,
since sF ∈ Γ(OPn−3(1)
⊕n−3) for any fibre F ∼= Pn−3 of pi, D := (sF )0 = Z ∩ F is a linear
subspace of F , i.e. D has degree one in F ∼= Pn−3. Thus piZ : Z → V is neither an
isomorphism nor a finite-to-one map onto V . So, there exists a curve γ ⊂ Z such that
piZ(γ) is a point of V . Restricting (5) to Z, we get KZ + L
′
Z
∼= pi∗ZH
′, and this gives
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(KZ +L
′
Z) · γ = 0, i.e. KZ · γ = −L
′
Z · γ < 0 by the ampleness of L
′
Z . This implies that KZ
is not nef.
Now, consider case (18). Let sE denote the restriction of s to E. Therefore sE ∈
Γ(OPn−1(1)
⊕n−3). Thus D := (sE)0 = Z ∩ E is a linear subspace of E and we have
dimD ≥ n− 1− (n− 3) = 2 = dimZ − 1.
Obviously, D ⊆ Z. If D = Z, then Z ∼= P3, but this gives the contradiction ρ(X) =
ρ(Z) = 1 by [16, theorem 1.1]. Therefore D ( Z, and the irreducibility of Z implies that
dimD < dimZ, i.e. D ∼= P2. Furthermore,
OD(D) ∼= OZ(Z ∩ E)|D ∼= OX(E)|D ∼= OE(E)|D ∼= OP2(−1).
Thus by the adjunction formula applied to D ⊂ Z, we get
(KZ)D ∼= KD −OD(D) = OP2(−3) +OP2(1) = OP2(−2).
This shows that KZ is not nef.
Suppose that (X, E) is as in case (19). Let sEi denote the restriction of s to Ei. Then
sEi ∈ Γ(E|Ei). So D := (sEi)0 = Z ∩ Ei is a linear subspace of Ei and
dimD ≥ n− 1− (n− 3) = 2 = dimZ − 1.
By [16, theorem 1.1] note that D 6= Z since dimZ = 3. Thus D ( Z and the irreducibility
of Z implies that D is P2. Furthermore,
OD(D) ∼= OZ(Z ∩ Ei)|D ∼= OEi(Ei)|D
∼= OP2(−2)
Thus by the adjunction formula applied to D ⊂ Z, we get (KZ)|D ∼= KD − OD(D) =
OD(−1), i.e. KZ cannot be nef.
Finally, assume that we are in case (20). Suppose that Di is as in cases (j) and (jj). Let
sDi denote the restriction of s to Di. Then sDi ∈ Γ(E|Di). So D := (sDi)0 = Z ∩ Di is a
quadric hypersurface contained in Di and
dimD ≥ n− 1− (n− 3) = 2 = dimZ − 1.
By [16, theorem 1.1] note that D 6= Z since dimZ = 3. Thus D ( Z and the irreducibility
of Z implies that D is a (possible singular) quadric Q2 ⊂ P3. Furthermore,
OD(D) ∼= OZ(Z ∩Di)|D ∼= ODi(Di)|D
∼= OQ2(−1)
Thus by the adjunction formula applied to D ⊂ Z, we have (KZ)|D ∼= KD − OD(D) =
OD(−1). Therefore KZ is not nef.
Suppose now that Di is as in case (jjj). Let sFi be the restriction of s to any fiber
Fi ∼= Pn−2 of Di → Zi. Then sFi ∈ Γ(OPn−2(1)
⊕n−3). So D := (sFi)0 = Z ∩ Fi is a linear
subspace of Fi and
dimD ≥ n− 2− (n− 3) = 1 = dimZ − 2.
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Since ρ(X) 6= 1, by [16, theorem 1.1] we see that D 6= Z. Thus the irreducibility of Z
implies that 1 ≤ dimD ≤ 2. Since D ⊂ Z and D ⊂ Fi ⊂ Di, we obtain that
KZ |D ∼= (KX + det E)|D ∼= [(KX + det E)Di] |D
∼= [KDi −ODi(Di) + det EDi] |D
∼=
∼= [KF −ODi(Di)|F + det EF ] |D
∼= OF (−1)|D.
This shows that KZ cannot be nef. 
When dimZ ≥ 4, having in mind [15, theorems 1, 2 and 3], we get the following
Proposition 4.2. Let X be an n-fold. Let E be an ample vector bundle of rank r ≥ 2 on X
such that there exists a global section s ∈ Γ(E) whose zero locus Z = (s)0 ⊂ X is a smooth
subvariety of dimension n− r ≥ 4 and let H be an ample line bundle on X. Suppose that
KZ + (dimZ − 2)HZ is nef. Then KZ + (dimZ − 3)HZ is nef if and only if (X, E , H) is
not any of the following triplets:
(1′) X ∼= Pn and (E , H) is one of the following pairs:
(i) (OPn(1)⊕n−4,OPn(4)); (ii) (OPn(1)⊕n−4,OPn(3));
(iii) (OPn(1)⊕n−5 ⊕OPn(2),OPn(3)); (iv) (OPn(1)⊕n−5 ⊕OPn(2),OPn(2));
(v) (OPn(1)⊕n−6 ⊕OPn(2)⊕2,OPn(2)); (vi) (OPn(1)⊕n−5 ⊕OPn(3),OPn(2));
(vii) (OPn(1)⊕n−5,OPn(2)); (viii) (OPn(1)⊕n−6 ⊕OPn(2),OPn(2));
(ix) (OPn(1)
⊕n−6,OPn(2)); (x) c1(E) = r + 3 and H = OPn(1);
(2′) X ∼= Qn and (E , H) is one of the following pairs:
(l) (OQn(1)
⊕n−4,OQn(3));
(ll) (OQn(1)⊕n−4,OQn(2));
(lll) (OQn(1)
⊕n−5 ⊕OQn(2),OQn(2));
(lv) (OQn(1)⊕n−5,OQn(2));
(v) c1(E) = OQn(r + 2) and H = OQn(1);
(3′) X is a Del Pezzo n-fold with Pic(X) ∼= Z[OX(1)] and one of the following possibil-
ities can occur:
(α) E ∼= OX(1)⊕r and H = OX(1);
(β) for any line l of (X,OX(1)) either E|l ∼= Ol(1)⊕n−4 and H|l = Ol(2), or E|l ∼=
Ol(1)⊕r−1 ⊕Ol(2) and H|l = Ol(1);
(4′) X is a Mukai n-fold with Pic(X) ∼= Z[OX(1)] and E ∼= OX(1)⊕r;
(5′) (P3 × P3,OP3×P3(1, 1)⊕2,OP3×P3(1, 1));
(6′) there exists a vector bundle V on a smooth curve C such that X ∼= PC(V); moreover,
for any fibre F ∼= Pn−1 of X → C, we have (E|F , HF ) is isomorphic to one of the
following pairs:
(a) (OPn−1(1)
⊕n−4,OPn−1(2));
(b) (OPn−1(2)⊕OPn−1(1)
⊕n−5,OPn−1(2));
(c) (OPn−1(1)
⊕n−5,OPn−1(2));
(d) (OPn−1(1)
⊕n−4,OPn−1(3));
(e) (OPn−1(3)⊕OPn−1(1)
⊕r−1,OPn−1(1));
(f) (OPn−1(2)
⊕2 ⊕OPn−1(1)
⊕r−2,OPn−1(1));
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(7′) X is a section of a divisor of relative degree two in a projective space PC(G), where
G is a vector bundle of rank n+ 1 on a smooth curve C; moreover, for any smooth
fibre F ∼= Qn−1 of X → C, where Qn−1 is a smooth quadric hypersurface of Pn, we
have (E|F , HF ) is isomorphic to either (OQn−1(1)
⊕n−4,OQn−1(2)), or (OQn−1(2) ⊕
OQn−1(1)
⊕r−1,OQn−1(1));
(8′) the map Φ : X → C associated to the linear system |(n−3)KX+(n−2) det E| makes
X a Del Pezzo fibration over a smooth curve C; moreover, any general smooth fibre
F of Φ is a Del Pezzo (n−1)-fold with Pic(F ) ∼= Z[OF (1)] such that E|F ∼= OF (1)⊕r
and HF ≃ OF (1);
(9′) there exists a vector bundle V on a smooth surface S such that X ∼= PS(V); more-
over, for any fibre F ∼= Pn−2 of X → S, we have (E|F , HF ) is isomorphic to either
(OPn−2(1)
⊕n−4,OPn−2(2)), or (OPn−2(2)⊕OPn−2(1)
⊕r−1,OPn−2(1));
(10′) the map ψ : X → S associated to the linear system |(n − 3)KX + (n − 2) det E|
makes X a quadric fibration over a smooth surface S; moreover, for any general
fibre F ∼= Qn−2 we have (E|F , HF ) ∼= (OQn−2(1)⊕r,OQn−2(1)), where Qn−2 is a
smooth quadric hypersurface of Pn−1;
(11′) there is a vector bundle F on a smooth 3-fold V such that X ∼= PV (F); moreover,
for any fibre F ∼= Pn−3 of X → V , we get (E|F , HF ) ∼= (OPn−3(1)⊕r,OPn−3(1));
(12′) the map ψ : X → X ′ associated to the linear system |(n − 2)KX + (n − 1) det E|
is a birational morphism which contracts an extremal face spanned by extremal
rays Ri for some i in a finite set of index. Let ψi : X → Xi be the contrac-
tion associated to Ri. Then each ψi is birational and of divisorial type; moreover,
if Ei is an exceptional divisor of ψi, then Ei ∼= Pn−1 and ([Ei]Ei , E|Ei, HEi) ∼=
(OPn−1(−2),OPn−1(1)
⊕r,OPn−1(1));
(13′) the map φ : X → X ′ associated to the linear system |(n − 3)KX + (n − 2) det E|
is a birational morphism which contracts an extremal face. Let Ri be the extremal
rays spanning this face for some i in a finite set of index. Call ρi : X → Wi the
contraction associated to one of the Ri. Then we have each ρi is birational and of
divisorial type; if Di is one of the exceptional divisors and Zi = ρi(Di), we have
dimZi ≤ 1 and one of the following possibilities can occur:
(j) dimZi = 0, Di ∼= Pn−1 and ([Di]Di, E|Di, HDi) is either
(j1) (OPn−1(−1),OPn−1(1)
⊕n−4,OPn−1(2)); or
(j2) (OPn−1(−1),OPn−1(2)⊕OPn−1(1)
⊕r−1,OPn−1(1));
(jj) dimZi = 0, Di is a (possible singular) quadric hypersurface Qn−1 ⊂ Pn and
([Di]Di , E|Di, HDi)
∼= (OQn−1(−1),OQn−1(1)
⊕r,OQn−1(1));
(jjj) dimZi = 1,Wi and Zi are smooth projective varieties and ρi is the blow-up of
Wi along Zi; furthermore, the triplets (ODi(Di)|Fi, E|Fi, HFi) are isomorphic
to (OPn−2(−1),OPn−2(1)
⊕r,OPn−2(1)) for any fibre Fi ∼= Pn−2 of the restriction
map ρi|Di : Di → Zi.
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Moreover, the map φ is a composition of disjoint extremal contractions as in (j), (jj)
and (jjj).
Proof. To prove the ‘if’ part, suppose that KZ + (dimZ − 3)HZ is not nef. Set E ′ :=
E ⊕H⊕n−r−3. Then E ′ is an ample vector bundle of rank n− 3 on X . Now, we get
(KX + det E
′)|Z = [KX + det E + (dimZ − 3)H ]|Z ∼= KZ + (dimZ − 3)HZ .
So, KX + det E ′ is not nef on X . Thus we deduce that (X, E ′) is as in Theorem 1.1.
Keeping in mind that E ′ = E ⊕ H⊕n−r−3 with n ≥ r + 4 ≥ 6, by [15, theorems 1, 2 and
3] we can easily see that cases (8), (9), (10), (11)(a), (12)(i)(iii), (18) of Theorem 1.1
cannot occur. Moreover, as to case (15), we have H|F ∼= OPn−2(1) for any closed fiber
F ∼= Pn−2 of pi : X → S. This shows that (X,H) is an adjunction-theoretic scroll over
S and by [6, proposition 3.2.1 and theorem 14.1.1] and [10, (2.12)] we can conclude that
there exists a suitable vector bundle V of rank n− 1 on S such that (X,H) ∼= (PS(V), ξV),
where ξV is the tautological line bundle on PS(V). From [15, theorem 3(14)] it follows that
KZ+(dimZ−2)HZ cannot be nef, a contradiction. In all the other cases, by [15, theorems
1, 2 and 3] and easy computations we are done.
Conversely, if (X, E , H) is as in cases (1′) to (5′), by the adjunction formula we see that
KZ + (dimZ − 3)HZ is not nef.
Suppose we are in case (6′). Let pi be the projection map X → C and let sF denote the
restriction of the global section s to a general fibre F ∼= Pn−1 of pi. Then sF ∈ Γ(E|F ) and
putting D := (sF )0 = Z ∩F , we have dimD ≥ n−r−1 ≥ 3. On the other hand, since Z is
irreducible, we have dimD < dimZ = n−r, i.e. dimD = dimZ−1 = n−r−1. Moreover,
note that [D]D ∼= OD. Thus (KZ)D ∼= KD−[D]D ∼= KD. Hence −[KZ+(dimZ−3)HZ ]|D =
−[KD + (dimD − 2)HD] is ample on D ⊂ Z and this shows that KZ + (dimZ − 3)HZ
cannot be nef.
In cases (7′) and (8′), by a similar argument as in (5′), we can see thatKZ+(dimZ−3)HZ
is not nef.
Consider now case (9′). Let pi be the projection map X → S. Since sF ∈ Γ(E|F ) for a
general fibre F ∼= Pn−2 of pi, putting D := Z ∩ F = (sF )0 we get dimD ≥ n − r − 2 =
dimZ − 2 ≥ 2. Since D ⊂ F and D ⊂ Z, we deduce in both situations that
(KZ + (dimZ − 3)HZ)|D = (KX + det E + (dimZ − 3)H)|D =
= [KF + det E|F + (dimZ − 3)HF ]|D ∼= OPn−2(−1)|D.
This implies that KZ + (dimZ − 3)HZ cannot be nef.
By arguing as in (9′), we can see that also in case (10′) the line bundleKZ+(dimZ−3)HZ
is not nef.
Assume now that (X, E , H) is as in (11′). Let pi be the projection map PV (V) → V .
Since sF ∈ Γ(E|F ) for any fibre F ∼= Pn−3 of pi, D := (sF )0 = Z ∩ F is not empty for any
fibre F , i.e. the restriction map piZ : Z → V of pi to Z is surjective. On the other hand,
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we have dimZ > dimD ≥ n − r − 3 = dimZ − 3, because of the irreducibility of Z. So
dimZ − 3 ≤ dimD ≤ dimZ − 1. Furthermore, since KX ∼= −(n− 2)ξV + pi
∗(KV + detV),
where ξV is the tautological line bundle on PV (V), we get
(6) KX +det E +(n− r−3)H = [det E +(n− r−3)H− (n−3)ξV ]+pi
∗(KV +detV)− ξV .
Since [det E + (n− r − 3)H − (n− 3)ξV ]|F ∼= OF , it follows that
det E + (n− r − 3)H − (n− 3)ξV ∼= pi
∗D,
for some D ∈ Pic(V ). By (6) we obtain that
[KZ + (dimZ − 3)HZ ]|D = ([KX + det E + (n− r − 3)H ]Z)|D ∼=
∼= ([KX + det E + (n− r − 3)H ]F )|D = −(ξVF )|D ∼= OPn−3(−1)|D,
for a general fibre D = F |Z of piZ . This implies that KZ + (dimZ − 3)HZ is not nef.
Suppose we are in case (12′). Let sEi denote the restriction of the section s to Ei. Then
sEi ∈ Γ(E|Ei) and so D := (sEi)0 = Ei ∩ Z is a linear subspace of Ei
∼= Pn−1. Moreover,
dimD ≥ n − r − 1 = dimZ − 1 ≥ 3. Obviously, D ⊆ Z. If D = Z, then Z ⊂ Ei ⊂ X
and we have the canonical surjection NZ/X → NEi/X |Z between normal bundles. Since
NZ/X ∼= E|Z is ample, we deduce that NEi/X |Z is ample, but this gives a contradiction
since Ei is an exceptional divisor on X . Thus D $ Z and the irreducibility of Z implies
that dimD < dimZ, i.e. dimD = dimZ − 1 = n − r − 1. Therefore D is isomorphic to
Pn−r−1 and
HZ = HD = (HEi)|D = OPn−r(1)
Note that
OD(D) ∼= OZ(Z ∩ Ei)|D ∼= OX(Ei)|D ∼= OEi(Ei)|D
∼= OPn−r−1(−2)
and
(D,HD,OD(D)) ∼= (Pn−r−1,OPn−r−1(1),OPn−r−1(−2)).
Thus by the adjunction formula applied to D ⊂ Z, we obtain that
(KZ)|D ∼= KD −OD(D) ∼= OPn−r−1(−n + r + 2).
Hence (KZ+(dimZ−3)HZ)|D ∼= OD(−1) and this shows that KZ+(dimZ−3)HZ cannot
be nef.
Consider now case (13′)(j). Let sDi denote the restriction of the section s to Di. Then
sDi ∈ Γ(E|Di) and so D := (sDi)0 = Di ∩ Z is either a linear subspace of Di
∼= Pn−1,
or a (possible singular) quadric hypersurface on Di. Moreover, dimD ≥ n − r − 1 =
dimZ − 1 ≥ 3. Obviously, D ⊆ Z. If D = Z, then Z ⊂ Di ⊂ X and we have the canonical
surjection NZ/X → NDi/X |Z between normal bundles. Since NZ/X
∼= E|Z is ample, we
deduce that NDi/X |Z is ample, but this gives a contradiction since Di is an exceptional
divisor on X . Thus D $ Z and the irreducibility of Z implies that dimD < dimZ,
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i.e. dimD = dimZ − 1 = n − r − 1. Furthermore, D is isomorphic to either Pn−r−1, or
Qn−r−1 ⊂ Pn−r and
(7) HZ = HD = (HDi)|D =
{
OP4(2) in case (j1)
OQn−r(1) in case (j2)
Note that
OD(D) ∼= OZ(Z ∩Di)|D ∼= OX(Di)|D ∼= ODi(Di)|D
∼=
{
OP3(−1) in case (j1)
OQn−r−1(−1) in case (j2)
.
Thus
(D,HD,OD(D)) ∼=
{
(P3,OP3(2),OP3(−1)) in case (j1)
(Qn−r−1,OQn−r−1(1),OQn−r−1(−1)) in case (j2)
and by the adjunction formula applied to D ⊂ Z, we obtain that
(KZ)|D ∼= KD −OD(D) ∼=
{
OP3(−3) in case (j1)
OQn−r−1(−n + r + 2) in case (j2)
.
Hence (KZ +(dimZ − 3)HZ)|D ∼= OD(−1) and this shows that KZ + (dimZ − 3)HZ is not
nef.
In case (13′)(jj), by arguing as in (11′)(j), we see that D := Z ∩ Di $ Z and dimD =
n − r − 1. Hence D ∼= Qn−r−1 ⊂ Di and HZ |D ∼= (HDi)|D ∼= OD(1). Moreover, OD(D) ∼=
OZ(Z∩Di)|D ∼= ODi(Di)|D
∼= OD(−1) and so KZ |D ∼= KD−OD(D) ∼= OQn−r−1(−n+r+2).
This gives (KZ + (dimZ − 3)HZ)|D ∼= OD(−1), i.e. KZ + (dimZ − 3)HZ cannot be nef.
Finally, let us consider case (13′)(jjj). Let sF denote the restriction of the section s
to a fibre F ∼= Pn−2 of Di → Zi. Then sF ∈ Γ(OPn−2(1)⊕r) with r ≤ n − 4. Thus
D := (sF )0 = Z∩F is a linear subspace of F ∼= Pn−2 and dimD ≥ n−r−2 = dimZ−2 ≥ 2.
Obviously, D ⊆ Z. If D = Z, then Z ∼= Pn−r and HZ = HD = (HF )|D ∼= OPn−r(1). Thus
KZ + (dimZ − 2)HZ ∼= OPn−r(−3), but this is a contradiction. Therefore, D $ Z and the
irreducibility of Z implies that n− r − 2 ≤ dimD ≤ n− r − 1. Then
(KZ + (dimZ − 3)HZ)|D ∼= [(KX + det E + (n− r − 3)H)|F ]|D =
= [(KX +det E + (n− r− 3)H)|Di]|D = [(KDi − [Di]Di +det E|Di + (n− r− 3)HDi)|F ]|D =
= [(KF −ODi(Di)|F + det E|F + (n− r − 3)HF )]|D = OPn−r(−1)|D.
This shows that KZ + (dimZ − 3)HZ cannot be nef again. 
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4.2. Some remarks on classical scrolls over fivefolds. In very classical times scrolls
naturally occurred very often. Let us recall that by a classical scroll we mean a Pk-bundle
X over a variety Y together with an ample line bundle L such that L|F ≃ OPk(1) for any
fibre F ∼= Pk with k = dimX−dimY . This is equivalent to saying that (X,L) ∼= (P(E), ξE),
where E = p∗L is an ample vector bundle of rank k + 1 on Y and p : X → Y is the
projection map. In this situation, the canonical bundle formula gives
(8) KX + (dimX − dimY + 1)L = KX + (rk E)L ≃ p
∗(KY + det E).
From the adjunction theoretic point of view the correct definition of scroll (see [35]) is
that of adjunction-theoretic scroll over a normal variety Y . This means that there exists a
morphism with connected fibres, p : X → Y , such that
KX + (dimX − dimY + 1)L ≃ p
∗H,
for some ample line bundle H on Y . The general fibre is (Pk,OPk(1)) with k = dimX −
dimY , but the special fibres can vary quite a lot.
Note that if L is further very ample and (X,L) is an adjunction theoretic scroll over a
normal variety Y of dimension m ≤ 4, then Y is smooth and (X,L) is a Pk-bundle over
Y with k = dimX −m. This follows from a general result due to Sommese ([35, theorem
3.3]) for m ≤ 2 (and L merely spanned), from [8, proposition 3.2.3] and [36, proposition
2.1] for m = 3 (and L ample and spanned), and from [36, theorem 2.2] for m = 4.
The following results are concerned with the other direction. In the stable range dimX ≥
2dimY −1, a classical scroll is also an adjunction theoretic scroll with a few easy exceptions.
These results depend on Mori theory [21] and [11]. In the unstable range dimX ≤ 2dimY −2
and dimY ≤ 4, classical scrolls that are not adjunction theoretic scrolls in the modern sense
have been classified in [7] and [36, §3].
As to the cases n = 2m− 3 ≥ 7, i.e. k = m − 3 ≥ 2 and rk E = m− 2, let us give here
this immediate consequence of [2, theorem 5.1], [17] and [24, theorem 1], as noted in [36,
remark 3.3].
Proposition 4.3. Let X be an n-fold and let L be an ample line bundle on X. Assume
that (X,L) ∼= (P(E),OP(E)(1)) is a Pn−m-bundle, pi : X → Y , over a smooth variety Y of
dimension m with E = pi∗L. If n = 2m − 3 ≥ 7, then (X,L) is an adjunction-theoretic
scroll over Y under pi unless either:
(1) Y ∼= Pm and E ∼= OPm(1)⊕m−2, OPm(2) ⊕ OPm(1)⊕m−3, OPm(2)⊕2 ⊕ OPm(1)⊕m−4,
OPm(3)⊕OPm(1)⊕m−3;
(2) Y ∼= Qm and E ∼= OQm(1)⊕m−2, OQm(2) ⊕ OQm(1)⊕m−3, where Qm is a smooth
quadric hypersurface of Pm+1;
(3) Y is a Del Pezzo m-fold with b2(Y ) = 1, i.e. Pic(Y ) is generated by an ample line
bundle OY (1) such that −KY ∼= (m− 1)OY (1) and E ∼= OY (1)⊕m−2;
(4) there is a vector bundle V on a smooth curve C such that Y ∼= P(V) and E|F ∼=
OPm−1(1)
⊕m−2 for any fibre F ∼= Pm−1 of Y → C;
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(5) there is a vector bundle V on a smooth curve C such that Y ∼= P(V) and E|F ∼=
OPm−1(2)⊕OPm−1(1)
⊕m−3 for any fibre F ∼= Pm−1 of Y → C;
(6) there is a surjective morphism q : Y → C onto a smooth curve C such that any
general fibre F of q is a smooth quadric hypersurface Qm−1 ⊂ Pm with E|F ∼=
OQm−1(1)
⊕m−2;
(7) there is a vector bundle V on a smooth surface S such that Y ∼= P(V) and E|F ∼=
OPm−2(1)
⊕m−2 for any fibre F ∼= Pm−2 of Y → S;
(8) Y is a Fano m-fold with −KY ≃ det E ; moreover, if m ≥ 6 then b2(Y ) = 1 except
for Y ∼= P3 × P3 and E ∼= OP3×P3(1, 1)⊕4;
(9) there exists a morphism Φ : Y →W onto a normal variety W supported by (a large
multiple of) KY + det E and dimW ≤ 3; if F is a general fibre of Φ, then we have
the following possibilities:
(a) W is a smooth curve and Φ is flat (equidimensional) map; moreover, the pair
(F, E|F ) is one of the following:
(a1) F ∼= Pm−1 and E|F ∼= O(2)⊕2 ⊕O(1)m−4,O(3)⊕O(1)m−3;
(a2) F ∼= Qm−1 and E|F ∼= O(2) ⊕ O(1)⊕m−3, where Qm−1 is the quadric
hypersurface of Pm;
(a3) F ∼= Q4 and E|F ∼= E(2) ⊕ O(1), where E is a spinor bundle on the
quadric hypersurface Q4 of P5;
(a4) F is a Del Pezzo (m − 1)-fold with b2(F ) = 1, i.e. Pic(F ) is generated
by an ample line bundle OF (1) such that −KF ≃ (m − 2)OF (1) and
E|F ∼= OF (1)⊕m−2;
(a5) F ∼= P2 × P2 and E|F ∼= O(1, 1)⊕3.
In particular, if m ≥ 6 then Φ is an elementary contraction. Furthermore, if
F ∼= Pm−1 then Y is a classical scroll, while if F ∼= Qm−1 ⊂ Pm then Y is a
quadric bundle;
(b) W is a smooth surface, Φ is flat and for a general fibre F of Φ the pair (F, E|F )
is one of the following:
(b1) (Pm−2,O(2)⊕O(1)⊕m−3);
(b2) (Pm−2, TPm−2), where TPm−2 is the tangent bundle on Pm−2;
(b3) (Qm−2,O(1)⊕m−2), where Qm−2 is a smooth quadric hypersurface in Pm−1.
In particular, if F ∼= Pm−2 then all the fibres of Φ are Pm−2;
(c) W is a 3-fold and E|F ∼= O(1)⊕m−2 for all the fibres F ∼= Pm−3 of Φ;
(10) there exist an m-fold Y ′, a morphism ψ : Y → Y ′ expressing Y as blown up at a
finite set B of points and an ample vector bundle E ′ on Y ′ such that E = pi∗E ′ ⊗
[−ψ−1(B)]; or
(11) a high multiple of KY +det E defines a birational map, ϕ : Y → Ŷ , which contracts
an extremal face. Let Ri, for i in a finite set of index, the extremal rays spanning
this face; call ρi : Y → Ŷi the contraction associated to one of the Ri. Then we
28 ANDREA LUIGI TIRONI
have each ρi is birational and divisorial; if Di is one of the exceptional divisors and
Zi = ρi(Di), we have dimZi ≤ 1 and the following possibilities can occur:
(i) dimZi = 0, Di ∼= Pm−1 and [Di]Di ≃ O(−2), or O(−1); moreover, E|Di ∼=
O(1)⊕m−2, or E|Di
∼= O(2)⊕O(1)⊕m−3;
(ii) dimZi = 0, Di is a (possible singular) quadric hypersurface Qm−1 and [Di]Di ≃
O(−1) with E|Di
∼= O(1)m−2;
(iii) dimZi = 1, Zi and Ŷi are smooth projective varieties and ρi is the blow-up of Ŷi
along Zi; moreover, E|f ∼= O(1)⊕m−2 for any fibre f ∼= Pm−2 of ρi|Di : Di → Zi.
Specializing the above result to the case m = 5, we get also the following
Corollary 4.1. Let X be a smooth n-fold with n ≥ 7 and L an ample line bundle on X.
Assume that (X,L) ∼= (P(E),OP(E)(1)) is a Pk-bundle, pi : X → Y , over a smooth 5-fold Y
with E = pi∗L. Then (X,L) is an adjunction scroll over Y under pi unless either
(1′) n = 10, Y ∼= P5 and E ∼= OP5(1)⊕6;
(2′) n = 9, Y ∼= P5 and E ∼= OP5(1)⊕5,OP5(2)⊕OP5(1)⊕4 or TP5, where TP5 is the tangent
bundle of P5;
(3′) n = 9, Y ∼= Q5 and E ∼= OQ5(1)⊕5, where Q5 is a smooth quadric hypersurface of
P6;
(4′) n = 9, there is a rank 5 vector bundle V over a smooth curve C such that Y ∼= P(V)
and E|f ∼= Of (1)
⊕5 for any fibre f ∼= P4 of Y → C;
(5′) n = 8, Y ∼= P5 and E ∼= OP5(1)⊕4, OP5(2) ⊕ OP5(1)⊕3, OP5(2)⊕2 ⊕ OP5(1)⊕2,
OP5(3)⊕OP5(1)
⊕3;
(6′) n = 8, Y ∼= Q5 and E is either OQ5(1)⊕4 or OQ5(2) ⊕ OQ5(1)⊕3, where Q5 is a
smooth quadric hypersurface of P6;
(7′) n = 8, Y is a Del Pezzo 5-fold with b2(Y ) = 1, i.e. Pic(Y ) is generated by an ample
line bundle OY (1) such that −KY ≃ OY (4) and E ∼= OY (1)⊕4;
(8′) n = 8, there is a vector bundle V on a smooth curve C such that Y ∼= PC(V) and
E|F ∼= OF (1)⊕4 for any fibre F ∼= P4 of Y → C;
(9′) n = 8, there is a surjective morphism q : Y → Γ onto a smooth curve Γ such that any
general fibre F of q is a smooth quadric hypersurface Q4 in P5 with E|F ∼= OF (1)⊕4;
(10′) n = 8, there is a vector bundle V on a smooth surface S such that Y ∼= PS(V) and
E|F ∼= OF (1)⊕4 for any fibre F ∼= P3 of Y → S;
(11′) n = 8, there exists a smooth projective 5-fold W and a morphism pi : Y → W
expressing Y as blown up at a finite set B of points and an ample vector bundle E ′
on W such that E = pi∗E ′ ⊗ [−pi−1(B)] and KW + det E
′ is ample; or
(12′) n = 7 and (Y, E) is as in Proposition 4.3.
Proof. If n ≥ 11, then k = n − 5 ≥ 6 > dimY , so (X,L) is an adjunction scroll over Y
by [7, (2.1.1)]. If 7 ≤ n ≤ 10, then we conclude by [7, (2.1.2), (2.1.3)], [36, proposition 3.1]
and Proposition 4.3. 
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Finally, as to the case n = 6 and m = 5, under the extra assumption that Pic(Y ) ∼=
Z[OY (1)], we can easily deduce from Theorem 1.1 the following
Corollary 4.2. Let X be a smooth 6-fold and L an ample line bundle on X. Assume that
(X,L) ∼= (P(E),OP(E)(1)) is a P1-bundle, pi : X → Y , over a smooth 5-fold Y, E = pi∗L.
If Pic(Y ) ∼= Z[OY (1)], then (X,L) is an adjunction-theoretic scroll over Y under pi except
when:
(1′′) Y ∼= P5 and E ∼= OP5(a1)⊕OP5(a2) with a1 + a2 ≤ 5 and ai > 0 for i = 1, 2;
(2′′) Y ∼= Q5 and E ∼= OQ5(a1)⊕OQ5(a2), with a1+a2 ≤ 4 and ai > 0 for i = 1, 2, where
Q5 is a smooth quadric hypersurface of P6;
(3′′) Y is a Del Pezzo 5-fold, i.e. −KY ≃ OY (4), and either (α) E ∼= OY (1)⊕2, or (β)
E|l ∼= OP1(1)⊕OP1(2) for any line l ∼= P1 of (Y,OY (1));
(4′′) Y is a Mukai 5-fold, i.e. −KY ≃ OY (3), and E ∼= OY (1)⊕2;
(5′′) Y is a Fano 5-fold such that −KY ≃ det E and X is a Fano 6-fold such that
−KX ≃ 2L.
Proof. Since Pic(Y ) ∼= Z[OY (1)], if (X,L) is not an adjunction-theoretic scroll over Y
under pi, then from the formula (8) we deduce that KY + det E = OY (a) for some integer
a ≤ 0. Therefore, we have either a = 0, obtaining Case (5′′) of the statement, or a < 0. In
the latter case, since KY + det E is not nef, we conclude by Theorem 1.1. 
Remark 4.1. If (X,L) and (Y, E) are as in Corollary 4.2, then similar techniques and
arguments used for the proofs of [7, theorem 3.1] and [36, proposition 3.4] work also in the
case Pic(Y ) 6∼= Z[OY (1)]. More precisely, we can say in this situation when (X,L) is not
an adjunction-theoretic scroll over Y under the projection map pi : X → Y , but the final
classification result appears at present not yet complete in some of its parts. This fact is
due especially to the lack of classification results of pairs (Y, E) as above with KY + det E
trivial, and of properties on the third reduction of (Y, E) in the same spirit of [3, remark
4]. We refer to [3, §3] and [26] for the case m− 2 ≥ 2 and the second reduction of the pair
(Y, E).
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